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By a chain YL in a normal, locally connected, connected space X, we mean a finite collection 
of closed and connected sets of X that can be so ordered Yf = {K,, , K,,} so that K, n K, f 0 
if and only if Ii -jl s 1. A circular chain in X is a collection of subcontinua K such that if K E x, 
YL\{K} is a chain in X. Let n > 2 be an integer and let S(n) denote the statement: S(n) - X is 
multicoherent if and only if X can be represented as the union of a circular chain containing 
exactly n members. 
A.H. Stone announced S(3) in 1949 and in a private communication he stated that he was able 
to establish S(n) for n > 2, only under very strong hypotheses. The present authors showed by 
example, that S(7) was false (1978) and recently the second author established S(4). 
In this paper we give as an example a multicoherent, locally connected, connected metric which 
cannot be represented as the union of a circular chain with five members. Thus S(S) is false and 
this is the “end” of this conjecture. 
AMS(MOS) Subj. Class. (1970): Primary 54 F 55; Secondary 54 F 25 
multicoherence circular chain of continua I 
1. Introduction 
Throughout this paper X will denote a normal (not necessarily T,), locally 
connected, connected space. By a continuum we mean a closed and connected (not 
necessarily compact) subset of X, a region is an open connected subset of X. For 
A = X, b,(A) denotes the number of components of A less one (or 00 if this number 
is infinite). The degree of multicoherence, r(X), of X is defined by 
r(X) = sup{b,(H n K) : X = H u K and H and K are subcontinua of X}. 
If r(X) = 0, X is said to be unicoherent and we say that X is multicoherent otherwise. 
If 0 < r(X) < ~0, we say that X is jnitely multicoherent. 
In 1971, the second author wrote A.H. Stone asking for his opinion concerning 
the following conjecture: 
0166-8641/85/$3.30 @ 1985, Elsevier Science Publishers B.V. (North-Holland) 
246 H. Bell, R.E Dickman Jr. / A conjecture of A.H. Stone 
(*)X is unicoherent if (and only if) every pair of non-empty disjoint subcontinua 
of X can be separated by a continuum. 
Professor Stone replied that (*) seemed to be a special case (n = 4) of one of his 
conjectures, which we re-state as follows. 
Let n > 2 be an integer and let S(n) denote the following statement: X is 
multicoherent (if) and only if X can be represented as the union of a circular chain 
containing exactly n members. 
By a chain X in X we mean a finite collection of subcontinua of X that can be 
ordered YE = {K,, K2,. . . , K,} so that Ki A K, # 0 if and only if (i -jl~ 1. A circular 
chain in X is a collection Yt of subcontinua of X such that if K E X, X\(K) is a 
chain in X. 
Stone announced S(3) in [6] and stated (in private communication) that he was 
able to establish S(n), for all n > 2, only under very strong hypotheses, such as X 
is finitely multicoherent. The equivalence of unicoherence and S(3) for Peano 
continua is due to A.D. Wallace [7]. The equivalence of (*) and S(4) may be found 
in [3]. 
In [4], S(6) was shown to hold in the class of all compact spaces; however, in 
[ 11, an example of a t-dimensional, multicoherent, planar Peano continuum C was 
given where S(7) failed, i.e., C could not be represented as a union of circular 
chain of continua with 7 members. Since S( n + 1) implies S(n), this example showed 
that S(n) for n > 6 was false. This still left unresolved the questions concerning 
S(4), S(5) and S(6) in the non-compact case. Recently S(4) was shown to hold in 
the class of all normal, locally connected, connected T,-spaces [5]; S(4) was 
previously known to hold in the class of perfectly normal, locally connected, 
connected T, -spaces. 
The principal aim of this paper is to give an example of a locally connected, 
connected, separable metric space for which S(5) fails, that is why we give an 
example of a ,multicoherent, locally connected, connected separable metric space 
D which cannot be represented as a union of a circular chain of continua containing 
five or more members. Thus it finally turns out that S(3) and S(4) are valid for 
T, -spaces and that S(n) for n > 4 is false in the class of complete separable metric 
spaces. Hence our title “The End of a Conjecture of A.H. Stone”. 
In order to show that the space D constructed below is locally connected, 
connected and metric, we need two lemmas and a definition. If Z is a set and r is 
a metric on Z, we say that r is a connected metric or simply a c-metric for Z, if for 
each y E Z and E > 0, the E-sphere, S,( z, E) = {x E Z: r( z, x) < E} in Z is a connected 
set. 
Lemma (1.1). Let Z, and Z, be spaces with c-metrics d, and d, respectively and suppose 
that Z, n Z, = {a, b} and d, (a, b) = d,( a, b). Then there exists a c-metric dfor Z = Z, u 
Z, such that dlZ, = d, and d21Zz = d2. 
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Proof. Define d: Z x Z + [0, ~0) by: for x, y E Z, 
d,(x,y) ifx,yE&, 
4x, Y) ifx, Y E .G, 
min{d,(x,a)+d,(a,y),d,(x,b)+d,(b,y)} ifxEZ,andyEZz, 
min{d,(x,a)+d,(a,y),d,(x,b)+d,(b,y)} ifxEZ*andyEZ,. 
It is then straightforward to show that d is a c-metric for Z satisfying our require- 
ments. This completes the proof of the lemma. 
Lemma (1.2). Let {(Z,, di) : i E N} b e a nested sequence of metric spaces such that 
for each i, Zi is a closed subset of Z,+,, di is a c-metric for Z, and di+,(Zi = d,. Then 
if d is defined by: for x, y~Z=uz, Zi, d(x, y) = d,(x,y) when x, FEZ;, d is a 
c-metric for Z. 
The proof that d is a c-metric is easy and left to the reader. 
2. Construction of the example 
Let P denote the rational numbers in (0, 1) and let W be the set of all ordered 
n-tuples (r,, . . I) nal, where T,E[-l,l] and r,EP if i<n. Let 9 be the ., n 9 
decomposition of W that identifies (rl, . . . , r,_,, 1) with (r,, . . . , r_l) and 
(r,, . . . , m-,, -1) with (r,, . . . , - rn_,). Let D = W/9 and let rr: W+ D denote the 
natural decomposition map of W onto D. 
For brevity, we adopt the following notation: If p = (r,, . . , r”) E W, ( rlr . . . , r,) 
or simply (p) will denote r({( r,, . . . , r,,)}) and, -(p) denotes (r,, . . . , r,_,, - r,,) and 
I(p)I denotes (r,, . . . , r,-,, Irnl). Let I,={(r)ED:-l~r~l} and if n>,j and p= 
(b,, . . . , b,)~ P”, I, denotes {(b,, . . , b,, r)E D: -1 s rs I}. 
We define a c-metric p, on I, by: for (t), (S)E I,, p,((t), (s)) = It--sl. In general, 
if n 2 I and p = (b,, . . . , 6,) E P”, we define a c-metric p, on I, by: p,((b,, . . . , b,, t), 
(b,, . . . , b,, s)) = (b, b, . . . bn)lt-sI. Note that bE P, I,nIb={(b), -(b)} since 
(6,1)=(b) and (b,-l)=-(b); furthermore if n>l andp=(b,,...,b,)EP” and 
q=(b,,.. . , b,_,), I, n Z, = {(b,, . . , b,), (b,, . . , b,_,, -b,)} since (b,, . . . , b,, 1) = 
I:‘2...7 
b+,, 0 and (b,, . . . , b,, -l)=(h, . . . , L,, -h,). Also, pJ(h,. . . , b,, 0, 
,,..., b,,-l))=(b,b?....b,)Il--lI=(b~...b,_,)lb,--b,I=p,((b, ,..., b,_,, b,), 
(b,, . . . , b,_,, - 6,)). It then follows that if any pair I, and 1, have a nonempty 
intersection, then this intersection is a doubleton set and pp and pq agree on Z, n Z4. 
Finally we note that the set UT=, P” can be ordered, say p,, p2, . . . , so that I, meets 
I,, and for n 2 1, (Uy=, Ip,) n I,,,+, # 0. Hence, if Z, = I, and for n > 1, Z,, = Z,_, u Ipm, 
by Lemma (1.1) there exists a c-metric d, for Z, so that, if n > 1, d,lZ,_, = d,_, 
and d,(x, y) = pp,,(x, y) if x, y E I,,,. Then by Lemma (1.2), there exists a c-metric d 
for D = UT==, Z,, so that dlZ,, = d,. 
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Clearly the countable set {(b,, . . . , b,): n 2 1 and (b,, . . . , b,) E P”} is dense in 
(D, d). Since every c-metric space is connected and locally connected we have: 
Theorem (2.1). The space D with c-metric d is separable, connected and locally 
connected. 
3. Circular chains of continua 
The following is a slightly altered form of Lemma 0 from [l]. 
Lemma (3.1). Let a and b be distinct points in the normal, locally connected, connected 
space X and suppose that X\{a, b} = P v Q u R where P, Q and R arepairwise disjoint 
regions in X and P n Q n R = {a, b}. If Yt is a circular chain in X and U 3T = X, then 
at most one of the sets P, Q or R contains a member of Yt If 2K has at least 5 members, 
then exactly one of P, Q or R contains one or more members of Yt. 
Proof. If Yt has at least 5 members, then one of these links contains neither a nor 
6. Without loss of generality, we suppose that R contains a link of .%. It then follows 
from the proof of Lemma 0 of [ 11, that 9 = {L E Yt: Ln {a, b} = 0 is a chain of 
continua in X. Of course this implies that U 99~ R and this completed the proof. 
Notation. Let Do = {(r,, . . . ,r,,)ED: r,=O}.IfS&D,let -S={-(p)~D:(p)~s}, 
let S+ denote {I(p)1 E D: (p) E S}. 
For x =(r,, . . . , r,,)E Df\(Dou {( I)}), we define C, and Qx as follows: 
G ={(rr, . , r,-,, t,, . , t,): m 2 1 and It,1 > r,} 
u {(s,, . . . , sk): for some i, 1 s i < n, s, # r,}, 
and 
Qx={(r,, . . ., r,_,, t,,. . ., t,): ma 1 and It,l<r,}. 
Note that (1) E C, and (r,, . . , r,_,, 0) E Qx. If r, is a positive rational number, we 
define 
P, = {(r,, . . . , r,, t,, . . . , t,): m > 1 and 1 t,j # 1). 
Then (r,, . . . , r,, 0) E P,. 
The following lemma follows directly from the definitions. 
Lemma (3.2). Let x = (r,, . . . , r,) E D+\{ l}. Zf r, is an irrational number, D\{x, -x} = 
C, u Qx where c, n Qx = {x, -x} and C, and Qx are disjoint regions in D. Zf r, is a 
rational number, then D\{x, -x} = C, u P, u Qx, where c, n P, n Qx = {x, -x} and 
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C,, P, and QX are pairwise disjoint regions in D. Furthermore in either case, if C is a 
component of D\{x, -x}, C = - C. 
Lemma (3.3). Let 7” be a circular chain of continua and I_. 5Y= D. Then if x = 
(r,, . . , r,,)E Dt where r,, is a rational number, at most one component of D\{x, -x} 
contains a member of X. 
Proof. This lemma follows immediately from Lemmas (3.1) and (3.2). 
Lemma (3.4). If a, b E D+, there exists a unique arc Aoh in D+ with endpoints a and 
b. Furthermore, if q E A,,\{a, b}, then q separates a from b in Dt and {q, - q} separates 
{a, -a} from {b, -b} in D. 
The proof follows directly from the construction of D and is omitted. 
4. Proof of the main result 
Theorem (4.1). The space D is a multicoherent, locally connected, connected separable 
metric space such that .ifX is any circular chain of continua and U Yt = D, then there 
exists p E D’ such that every member of X contains p or -p. Thus X contains at most 
4 elements. 
Proof. To see that D is multicoherent, consider x = (&/2). Then c, u ax = D, C, 
and ox are continua and c, n or = { x, -x}. Hence, D is multicoherent. (Note that 
if L, = C, n D+, L2 = Q.X n D+, L3 = - L2 and L, = - L,, then Yt = {L,, L,, L3, L4} 
is a circular chain of continua in D and {x, -x} meets every member of YC). 
We will now prove that if Yt is any circular chain of continua and Y = {L,, . , L,} 
is a subset of Yl, then n {L+ : LE 9’} is non-empty. We use induction on n. If n = 1, 
then n {L-t: LE 9 = L:} is obviously non-empty. Suppose then that whenever a 
subset Y’ of YC has R members, then n {L + : L E Y} is non-empty and let Y have 
A+ 1 members, say .Y={L,, . . , L,,,} is a subset of Yt. Then, by our induction 
hypothesis, 
A = h L: is non-empty as is B = ‘fi L:. 
,=I I=2 
Note that n{I:+’ L: = A n B. If AnB = $3, then there is an arc Aoh in Dt such that 
A,,n A = {a} and Aab n B = 6. Let q = (r,, . . . , r,,,) be a point in A,,\{a, b} where 
rm is a rational number. Since q separates a from b in Dt and {a, b} c_ nfz2 LT, 
and each Lt is connected, it follows that q E n;=, LT. Thus, since q @ (Au B), q 6 L: 
and q ~6 LL,,. This implies that {q, - q} separates u from b in D. Hence {q, - q} 
separates L, and L,,, and this contradicts Lemma (3.3). Thus An B # 9) and the 
result follows by induction. 
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Hence we have proved that if X is any circular covering of D by continua, 
n{L+: LEX} IS non-empty. Thus if x E n {L+: L E X}, {x, - x} meets every member 
of X. This completes the proof. 
Remark. (4.2) If (6, d) is the usual metric completion of (D, d) then 6 is connected, 
locally connected and separable. Furthermore, fi is multicoherent and if 3% is any 
circular chain of continua and l_j Yt = 6, then there exists p E 6 such that every 
member of YC contains p or -p. 
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